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Abstract

Motivated by problems arising in random sampling of trigonometric poly-
nomials, we derive exponential inequalities for the operator norm of the dif-
ference between the sample second moment matrix n~'U*U and its expec-
tation where U is a complex random n X D matrix with independent rows.
These results immediately imply deviation inequalities for the largest (small-
est) eigenvalues of the sample second moment matrix, which in turn lead to
results on the condition number of the sample second moment matrix. We
also show that trigonometric polynomials in several variables can be learned
from const - D1In D random samples.

Keywords: eigenvalues; exponential inequality; learning theory; random
matrix; random sampling; trigonometric polynomial.

1 Introduction

Let U be a complex random n x D matrix with independent rows. The matrix of
(non-centered) sample second moments is then given by n=1U*U. We provide expo-
nential probability inequalities for the operator norm of the difference between the
sample second moment matrix and its expectation. These results immediately imply
deviation inequalities for the largest (smallest) eigenvalues of the sample second mo-
ment matrix. As a consequence we obtain probability inequalities for the condition
number of the sample second moment matrix. Sample second moment matrices arise
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as central objects of interest in many areas, such as multivariate analysis, stochastic
linear regression, time series analysis, and learning theory.

Our motivation comes from learning theory and, in particular, from random
sampling of trigonometric polynomials. Random sampling is a strategy of choice for
learning an unknown function in a given class of functions. This idea is predomi-
nant in the version of learning theory and sampling theory by Cucker, Smale, and
Zhou [7, 15]. In Bass and Grochenig [1] the randomization of the samples was used
for the justification of numerical algorithms. Random sampling and random mea-
surements are central in the emerging field of sparse reconstruction, also referred to
as compressed sensing (3, 4, 6, 8, 10, 11, 13].

In this paper, we revisit the random sampling of trigonometric polynomials with
a given degree or support, which was first studied in [1]. We first review and supple-
ment the probability inequalities for the condition number of the associated Fourier
sample second moment matrix in [1] (Section 2). In Section 3 we replace Fourier
matrices by general random matrices with independent rows and derive probability
estimates for sample second moment matrix obtained from general random matri-
ces U. Our main result is an exponential probability inequality for the condition
number of the sample second moment matrix for a vast class of random matrices.
These include random matrices with independent identically distributed (i.i.d.) rows
and bounded entries. The boundedness assumption on the entries can be relaxed
to the existence of finite moment generating functions. Our proof is much simpler
than the one in [1] and allows us to incorporate the case of random matrices with
independent, but not necessarily identically distributed rows. This rather technical
extension is treated in Section 3.2.

A further feature of our results is that all constants are given explicitly as a
function of the parameters that describe the distribution of the random matrices.
The explicit form of the constants is important to determine the sample size for
which the condition number of the sample second moment matrix is small with high
(“overwhelming”) probability.

Mendelson and Pajor [9] have recently found a related, beautiful and deep in-
equality for the sample second moment matrix of random matrices. While in the
same spirit, their assumptions, methods, and conclusions are different, and so their
and our results are not directly comparable in that neither result implies the other.
The inequality of [9] involves an unspecified absolute constant so that the main
contribution is an asymptotic bound for the condition number as the sample size n
tends to infinity. A detailed comparison between [9] and our result will be given in
Section 3.1.1.

In learning theory one is often interested in the efficiency of the sampling pro-
cedure, i.e., in Cucker and Smale’s words [7], “how many random samples do we
need to assert, with confidence 1 — §, that the condition number does not exceed
a given threshold.” For random sampling of trigonometric polynomials in several
variables inspection shows that the probability inequalities in [1], as well as the ones
in Section 3 of the present paper, lead to lower bounds for the required sample size



that are typically of the order D?In D. We show in Section 3.1.1 how the result in
[9] can be used to improve this order to DIn D. In Section 4 this result is further
improved by using the method developed in [10] (after inspiration from [3]). To put
it more casually, these results show that we need const - DIn D random samples to
learn a trigonometric polynomial taken from a D-dimensional space. This seems to
be the optimal order that can be expected in a probabilistic setting.

Notation. By | - || we denote the usual Euclidean norm on CP. For a (her-
mitian) matrix A we denote by Apax(A) and Apin(A) the maximal and minimal
eigenvalues of A. The condition number of A is then given by Ajax(A)/Amin(A).
For a matrix A its transpose is denote by A’ and its conjugate-transpose by A*.
The operator norm of a matrix is ||A]| = Amax(A4*A4)Y2. By P we denote the prob-
ability measure on the probability space supporting all the random variables used
subsequently, and & denotes the corresponding expectation operator.

2 Random Sampling of Trigonometric Polynomi-
als

Let I be a (non-empty) finite subset of Z%. By Pr we denote the space of all
trigonometric polynomials in dimension d with coefficients supported on I'. Such a
polynomial has the form

flz) = Zake%ik'm, z € [0,1]¢

kel

with coefficients a, € C. If I' = {—m,—m + 1,...,m — 1,m}?, then Pr is the
space of all trigonometric polynomials of degree at most m. We let D = |I"| be the
dimension of Pr.

Let x4, ..., 7, € [0,1]¢. We are interested in the reconstruction of a trigonometric
polynomial f from its sample values f(z1),..., f(z,). Let y = (f(x1),..., f(z,))
be the vector of sampled values of f and let U be the n x D matrix with entries

wy, = ¥R Lel, t=1,...,n. (2.1)
The reconstruction of f amounts to solving the linear system
Ua=1y

for the coefficient vector a = (ay)rer. Alternatively, one may try to solve the normal
equation
U'Ua =U"y.

We note that the invertibility of U*U is equivalent to the sampling inequalities

Al <Y 1f@)P=a'UUa < B||f;  forallfePr, (2.2)
t=1
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for some positive real numbers A and B, and that the condition number of U*U is
bounded by B/A.

In the spirit of learning theory, one assumes that the sampling points are taken
at random. Then the matrix U*U is a random matrix depending on the sampling
points (x;). Several questions arise:

1. Determine the probability that U*U is invertible.

2. Determine the probability that the condition number of U*U does not exceed
a given threshold.

3. Determine the number of random samples required to achieve such estimates.
This is the effectivity problem for random sampling.

For trigonometric polynomials Question 1 has been answered in [1, Thm. 1.1]: If
the x; are i.i.d. with a distribution that is absolutely continuous with respect to the
Lebesgue-measure on [0, 1]¢, then U*U is invertible almost surely provided n > D.

Furthermore, some answers to Questions 2 and 3 are also provided in [1]. It
is shown that U*U is well-conditioned whenever the number of samples is large
enough [1, Thms. 5.1, 6.2]:

Theorem 2.1. Assume that x1,...,x, are i.i.d. random variables uniformly dis-
tributed on [0,1]¢. Let U be the associated random Fourier matriz defined in (2.1).
Let e € (0,1). There exist positive constants A, B depending only on D = |I'| such
that the event

1 —& < Auin(nUU) € Apax (nUU) < 1+ ¢

has probability at least
1 — Ae~Bret/(te), (2.3)

In particular, with probability not less than (2.8), the condition number of U*U is
bounded by (1 +¢)/(1 —¢).

A careful analysis of the constants A and B in (2.3) reveals that the number of
samples required in (2.3) to guarantee a probability > 1 — ¢ is

n > CD*InD, (2.4)

where C' depends on § and €. If ' = {—m, ..., m}? (trigonometric polynomials of
degree m in d variables), then D = (2m + 1), and this bound on the number of

samples is unfortunately too large to be useful at more realistic sample sizes like
n~Dorn~ DlnD.

For the case I' = {—m, ..., m}? a better estimate for the condition number can
be extracted from [1]. We work, however, with a slightly different matrix. Given
the sampling points x4, ..., z,, we define the Voronoi regions

‘/t = {y€[071]d: ||y_xtH2S ||y_‘r8||275#t71§5§n}7 tzl?"'7n
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and let w; = |V;| be the Lebesgue measure of V;. We consider the weighted matrix
T’LU

T = U'WU
where W is the diagonal matrix with the weights wy, t = 1,...,n, on the diagonal.

Note that a is also the solution of T%a = U*Wy. The following result is implicit
in [1].

Theorem 2.2. Let ' = {—m,...,m}¢, i.e., we consider trigonometric polynomials
of d variables of degree m. Suppose that x4, ..., x, are i.i.d random variables which
are uniformly distributed on [0,1]. Choose v € (0,1). If

ord \* ord \* md
> 4] — 2.
"= (fyth) e ((fyth) J ) ’ (2:5)

then with probability at least 1—0 the condition number of T is bounded by (1 — 277 1)

Proof: By combining a deterministic estimate with a probabilistic covering result,
the following estimate was derived in [1, Thm. 4.2]: Let N € N be arbitrary; then
with probability at least 1 — Née~"/N * we have

(2 - 627rmd/N)2 S )\min(Tw) S AInax(j—‘w> S 4.

For the condition number to be bounded by 4 (2 — 2”)72 with probability at least
1 — ¢, we need that

2rmd/N < vIn2 and Nde/N* <.
By solving for n, we find that n must satisfy the inequality (2.5). [ ]

Since D = |T'| = [{-m,—-m + 1,...,m — 1,m}? = (2m + 1)%, Theorem 2.2
becomes effective for
n~ (rd)*Dn ((7d)*D) . (2.6)

Thus Theorem 2.2 is a genuine improvement over (2.4) for fixed value of d. The
dependence n ~ DIn D on the dimension of the function space seems to be of the
correct order. However, the constant (ﬂd/”y)d depends strongly on the number of
variables d, and so Theorem 2.2 does not escape the curse of dimensionality.

In Theorem 4.1 we will prove a much better result for the condition number of
U*U where the constants do neither depend on d nor on the special form of the
spectrum I'. See also Corollary 3.5.

3 Exponential Inequalities For Sample Second Mo-
ment Matrices

In this section we abstract from the concrete form of U as given in (2.1) and consider
arbitrary complex random matrices with independent rows satisfying some regularity
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conditions. Apart from being of interest in its own, this more general setting allows
one to study random sampling not only for trigonometric polynomials but also for
more general types of finite-dimensional function spaces, such as random sampling
of algebraic polynomials on domains, or of spaces of spherical harmonics on the
sphere (see [1, Sect. 6] for a list of examples).

3.1 The I.1.D. Case

We assume first that the random matrix U € C"*P has independent identically
distributed rows and delay the discussion of the case of independent, but not iden-
tically distributed rows to Section 3.2. Furthermore, we assume that the rows u;. =
(w1, - - ., ugp) of U satisfy the following condition: The moment generating functions
of the random variables Re(@izuy;) and Im(uy,uy;) exist for all 1 < k,j < D; i.e.,
there exists xg > 0 such that for all 1 < k,j < D

E [exp(x Re(Tipus;))] < oo, E [exp(x Im(Trpuy;))] < o0 (3.1)

hold for all < xy. Note that a sufficient condition for (3.1) is that the moment
generating function of |uyx|* + |uy,|” exists for all &, j. Further, we let

Q := B(u}u,.) € CP*P

with entries gi;. We note that by the strong law of large numbers n~*U*U converges
to @ = E[n~'U*U] almost surely.

Assumption (3.1) is easily seen to be equivalent to the existence of finite constants
M > 0 and vg; > 0 such that for all £ > 2

E U Re(u_lkulj — qk])’q S 2_16! M€_2’U]€j,
E |:| Im(u_lkulj - qkj>’£:| S 2716! M£72Ukj
hold for all 1 < k, 57 < D. For a generalization leading to a slightly better, but more

complex bound see Section 3.2.

Remark 3.1. If the random variables u; are bounded, i.e.,
|Re(uipur; — )| < € and - [Im(ueuy; — qiy)] < C

holds with probability 1 forall 1 < k,j < D, then (3.2) and (3.3) hold with M = C'/3
and

vy = max{E [(Re(@rruy — ai5))°] . B [(Im(@rur; — giy))?] }- (3-4)

This claim is obvious for £ = 2. For ¢ > 3 it follows from a general inequality for
arbitrary real-valued bounded random variables X:

¢ 2|y |02 0271 32 c? c?
where 02 = E[X?] and |X| < C holds with probability 1. In particular, this shows
that the random Fourier matrix given in (2.1) satisfies (3.2) and (3.3). O

6



The proof of the main result in this section will make use of the following
Bernstein-type inequality for unbounded random variables given in Bennett [2,
eq. (7)], see also [16, Lemma 2.2.11]:

Let X1,..., X, be independent real-valued random variables with zero mean such
that E|X,|* < 00'M*2v,/2 holds for every £ > 2 and t = 1,...,n for some finite
constants M > 0 and vy > 0. Then for every x > 0

(|3

=1
with the convention that the right-hand side in (3.5) is zero if M =0 and >} vy =
0.

Note that Bennett [2] assumes >, , v; > 0 but the inequality (3.5) trivially also
holds for Y ;" ,v; = 0 in which case the probability on the left-hand side is zero.
Inequality (3.5), and hence the subsequent results, can be somewhat improved, see
Bennett [2, eq. (7a)]. Since this does not result in any significant gain, we do not

give the details.
Set

1

> “”"’) < 2¢~ % (Siyvetha) ™ (3.5)

V= max _Ugj.
1<k,j<D

Note that neither v nor M depend on n because the rows are identically distributed.

However, they depend on the distribution of the random vector u;. and hence may
depend on D. Our main result now reads as follows.

Theorem 3.1. Assume that the rows uy., ..., u, of U are i.i.d. random vectors in
CP whose entries satisfy the moment bounds (3.2) and (3.3). Then, for everye > 0,
the operator norm satisfies

Hn_lU*U — QH <e

with probability at least

2
1—4D%exp | — ne . 36
P ( D? (40 + 2\/§D—1Ma)> (36)

In particular, with probability not less than (3.6) the extremal eigenvalues of n='U*U
satisfy

Amin(Q) — € < Anin(TTU*U) < Apax(nTUU) < Apax (Q) + €. (3.7)

Consequently, if Q is non-singular and € € (0, Anin(Q)), then the condition number

of U*U is bounded by 3= Amax(Q) ))+: with probability not less than (3.6).

In connection with (3.7) we note that Ay (n~'U*U) > 0 holds trivially, since
the matrix n~'U*U is nonnegative definite.

Proof: We first note that inequality (3.7) for the extremal eigenvalues of n='U*U
follows from the inequality ||n~'U*U — Q|| < & for the operator norm. Hence, it
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suffices to concentrate on the operator norm, which we majorize with Schur’s test
by using that [|Al| < max Y, [ax;| for self-adjoint A. In this way we obtain that
t=1

: n zé«)
ze)gzp< 25/D>

nt Y (T — i)
> (e/D)? (3.8)

D n

n Y (W — qky)

=1,...D

P(||n"'U*U —= Q| > ) <P (kmax

n

nt Z(u_tkutj — ;)

t=1

A
TTM@

t=1
2

I
NE

Pl in! Z(U_tkutj — ;)
t=1

=

<.
Il
—

2
—+

2

nt Zlm(u_tkutj — qij)| > (/D)

t=1
ne > D
> +> P (
V2D k,j=1
For each index k, j the inequality (3.5) gives

P < > @> < 2exp <_D2 (1o + 2\/§D—1Ms)> (3.9)

and similarly for the imaginary part. Hence, we finally obtain

D 2
P —1U*U _ > <4 — ne
(In 00—l 2 ¢) <4 exp< i (4vkj+2ﬂp—1Me>>

k,j=1

n! Z Re(uiur; — qrj)

t=1

I
NE

=

<.
Il
—

- ne
P Re(wgus; — qrs > .
Z ( thk Uty ij) - \/§D)

1 t=1

NE

n
Z Im (Terue; — quy)
t=1

o

5J

Z Re(uiu; — qrj)

t=1

2

ne
< 4D%exp | — 3.10
- P < D? (40 + 2\/§D—1M5)> (3.10)

with v as defined above. Thus (3.6) follows. u

Remark 3.2. If u;. possesses an absolutely continuous distribution then @) is auto-
matically non-singular. More generally, this holds as long as the distribution of wuy,
is not concentrated on a (D — 1)-dimensional linear subspace of CP. To see this,
consider the quadratic forms z*Qz for » € C” and note that

2*Qz = Blz*ul uy.z] = Bljuy.z|*] > 0.

Hence, if 2*(QQz = 0, then |u1.z|2 = 0 with probability 1; thus the distribution of
would have to reside in the orthogonal complement of the one-dimensional subspace
spanned by z*. U



Remark 3.3. For real-valued random matrices U we can improve the probability

bound (3.6) to
2
Y T G —
eXp( wm%))

A similar improvement for real-valued U applies to the subsequent corollary and
remark as well as to the results in Section 3.2. Il

Corollary 3.2. Assume that the rows uy.,...,u, of U are i.i.d. random vectors in
CP that are bounded, i.e.,

| Re(Urruy; — grg)l < € and  [Im(Treuy; — gry)| < C
holds with probability 1 for or all1 < k,j < D. Let

b= {E [(Re(@rur; — ax5))?] . B [(Im(Tzur; — gi))°] } -

Then the conclusions of Theorem 3.1 hold and (3.6) becomes

2
1—4D? _ ne . 311
o < D? (4 + 2\/§D—1C5/3)) (3.11)

Proof: By Remark 3.1 conditions (3.2) and (3.3) hold with M = C/3 and vy; as
in (3.4). Then the statement follows from Theorem 3.1. [

Remark 3.4. Corollary 3.2 can also be derived by using the classical Bernstein in-
equality instead of inequality (3.5) in the proof of Theorem 3.1. Furthermore, the
bound in (3.11) can be somewhat improved by using an improved form of Bernstein’s
inequality [2, eq. (8)] (see also [5, Corollary A.2]) for bounded random variables in-
stead of (3.5) in that step: If we use that inequality in the estimate (3.9), we arrive
at the following improved bound (provided C' > 0, b > 0):

Ce Ce Ce
1 — 4D? —C2nb 1+—)1 (1+ )— ))
eXp( " (< NeTo) ) V2Db) ~ V2Db
O

Let us now apply our findings to random sampling of trigonometric polynomials.

Corollary 3.3. Let xq,...,x, be independent random variables uniformly distrib-
uted on [0,1]%. Let U be the associated n x D random Fourier matriz (2.1). Let
e > 0. Then with probability at least

2

1—4D(D — 1)exp (—2 RN 1)5/3)> (3.12)

we have
|n U0 - Q|| <&, (3.13)
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and hence
1 —& < Amin(nU*U) < Apax(nPUFU) < 1+ €. (3.14)

Consequently, for 0 < € < 1, the condition number of U*U is bounded by (1+¢)/(1—
g) with probability not less than (3.12).

Proof: In this case (n7'U*U)y; = n~tY 1 | e?™U=R® and consequently Q = I,
S0 Amin(Q) = Amax(Q) = 1. [By abuse of notation, k denotes both an element of I'
and a column index.] Furthermore, Y 1"  (Tguy; — qrj) = 0 for k = j. Hence, the
double sum in the second line of (3.8) only extends over j # k and consequently
e/D can be replaced by ¢/(D — 1) in the subsequent steps in (3.8). Furthermore,
when deducing (3.10) from the union bound in (3.8) we only have to take into
account D(D — 1) instead of D? summands; cf. also Remark 3.8 below. Moreover,
| Re(wiu; — qry)| < 1 for all k,j. For k # j we have

B [Re(mny — )] = [ (Relexp(arity —k) ) e = 5

hence v;; = 1/2. The same holds for the imaginary part. In view of Remark 3.1 the
result follows. ]

From the previous result it is easy to determine the minimal number of sampling
points sufficient to provide a small condition number with high probability.

Corollary 3.4. Let x4q,...,x, be independent random variables uniformly distrib-
uted on [0,1]%. Let U be the associated n x D random Fourier matriz (2.1). Let
0<e<1,0<9<1 and suppose

n > ; ((D —1)° + M) In (%) : (3.15)

Then (3.13) and (3.14) hold with probability at least 1 — 9.
We note that (3.15) is implied by the more compact inequality

_ CD*In(D/6)

> (3.16)

for an appropriate constant C. We will improve on this result in Corollary 3.5 and
in Section 4, see in particular (4.2).

3.1.1 Comparison With Other Results

Recently Mendelson and Pajor [9] provide a related exponential inequality for ran-
dom matrices with i.i.d. real-valued rows. They assume the following properties:

(a) There exists p > 0 such that for every § € R” |||, = 1, (E[(uy.,0)[*)/* <
p < 00.
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(b) Set Z = |luy.||2, then ||Z]|,. < oo for some o > 1.

Here the Orlicz norm || - ||, of a real-valued random variable Y with respect to
Y, (x) = exp(xz®) — 1 is defined as ||Y||,, = inf{C > 0:Ex, (|Y|/C) < 1}. Note
that if & > 2, condition (b) is stronger than our assumption (3.1), hence condition
(b) implies (3.2)-(3.3).

Under conditions (a) and (b), Mendelson and Pajor [9, Theorem 2.1] show that
there exists an absolute constant ¢ > 0 such that for every ¢ > 0 the operator norm
satisfies

ce a/(a+2)

where

In(min(D, n))(Inn)"/* B — Y NV
v ’ BV

We have added a factor 2 on the right-hand side of (3.17) to correct a missing
constant in [9, Theorem 2.1]. Since the constant ¢ is not specified, the value of
(3.17) is mainly for asymptotics as n — 0o, whereas the results of Section 3 yield
estimates with explicit constants for given n. Moreover, the probability estimate
(3.17) is only subexponential. For fixed dimension D, the right-hand side of (3.17)
is of the order

A, = |12, QA

1—2exp (_Clna/(2a+4) (In n)fl/(a+2)) ’

which is only subexponential, whereas the bound in (3.6) is exponential of the form
1 —coexp(—cgn).

Here ¢, c9, and c3 are constants that depend on D. We also note that the proof of
Theorem 3.1 is quite simple and easily extends to the case of independent but not
necessarily identically distributed rows as shown in the next section.

Nevertheless, the result of Mendelson and Pajor [9, Theorem 2.1] can be used to
improve upon (3.15) in the special case where the set I" is symmetric in the sense
that k € I' implies —k € T.

Corollary 3.5. Let xq,...,x, be independent random variables uniformly distrib-
uted on [0,1]¢. Let U be the associated n x D random Fourier matriz (2.1) and
assume that T' is symmetric. Let 0 < e < 1,0 < < 1 and suppose

n > max {D, ¢ el (%) DIn D, lclgl In <§>} 2 (VD + \/mf} (3.18)

where ¢ is the absolute constant in (3.17). Then (3.18) and (3.14) hold with proba-
bility at least 1 — 9.
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Proof: Although it is possible to adapt [9] to complex-valued random matrices, we
will use the result as stated.

Since T' is symmetric by assumption, we may write it as A U (—A) with A N
(=A) C {0}. Define the real n x D matrix W by wy_xy = v/2cos(27k - x;) and
wy, = /2sin(27k - ;) for k € A\{0} and set wy = 1 if 0 € A. Then clearly
U = WS where S is a unitary D X D matrix and consequently ||[n~'U*U — I|| =
|[n'W*W — I||. To apply (3.17) we note that ||w:.||» = D'? and hence || Z||,. =
[ lws.|l2]ly, = DY?(In2)~Y/* for every o > 1. Furthermore,

sup  (Bl{wr,)[H* = sup  (B|(ur.57,6)[)"*
[|6]l2=1,0cRP [10]]2=1,0cRP

= sup  (B|(uy., 59>\4)1/4
[16]l2=1,0€RD

< swp (Bl(u,6)[)
10]l2=1,0€CP

Now, since | >, . O exp(27ik - x1)|2 < (Xger ]6k|)2 we obtain

4

El(ur, 0)[* = B || 0pexp(2rik- 1)

kel
2 2
< (Z|9k|> E Z@kexp(%rik:-m)
kel kel
< DIloll; =D.

This shows that the rows w;. satisfy condition (a) in [9, Theorem 2.1] with p = D/4.
As a consequence, (3.17) applies to W, and hence to the Fourier matrix U, for every
a > 1. Since the left-hand side of (3.17) does not depend on «, we may let « — oo
and obtain for n > D the bound

P(||n UV - Q| < &) > 1—2exp (—c&t min{n'/?/(vD + VDIn D), n/(D 1nD)}> .
The probability is not less than 1 — ¢ whenever condition (3.18) holds. [ |

Comparing (3.18) with (3.15), we have gained on the exponent of D. However,
the quantity In(6') now enters quadratically instead of linearly, and an unspecified
constant appears in the lower bound for n.

3.2 The Non-I.I.D. Case and Other Generalizations

In this section we generalize the results to the case where the random matrix U €
C™*P has independent rows which, however, need not be identically distributed. In
the course of this generalization we also obtain some slight improvements in the case

12



of i.i.d. rows discussed above. Apart from the assumption of independent rows, we
assume that the matrix U satisfies the following condition: The moment generating
functions of the random variables Re(T;uy;) and Im(wu,;) exist for all 1 <t < n
and 1 < k,j < D; ie., there exists xop > 0 such that for all 1 < ¢t < n and
1<k, j<D

E [exp(z Re(Tguty))] < oo, E [exp(z Im(Wrus;))] < oo (3.19)
holds for all z < x3. Note that xq will depend on the distribution of U and thus
may depend on n and D. Furthermore, we set

QY = E(ulu.) € CP*P
with entries q,(fj) and
Qn i=n"" zn: QY =E[n'U*U] € CP*P. (3.20)

As in Section 3.1, assumption (3.19) is seen to be equivalent to the existence of
finite constants M,g?l >0, M,gz)z >0, v,i?l >0, v,i% > 0, such that for all £ > 2

B || Re(imu; — )] < 2700 (M), (3:21)
B || (g, — o)) < 2700 (), (3.22)

hold forall 1 <t <nand 1< k,j3 < D. If M t)vk])l 0 then we may assume

kji
without loss of generality that M ,gj)l = 1(:])1 = 0.

For fixed n it is always possible to choose the constants on the right-hand side
of (3.21) and (3.22) independent of t. However, for n — oo the resulting conditions
in Theorem 3.6 below would become unnecessarily restrictive in the non-identically
distributed case. Furthermore, allowing the constants to depend on k, 7 and to be
different in (3.21) and (3.22), provides some extra flexibility which results in an

improved, albeit more complex bound even in the case of i.i.d. rows.

Remark 3.5. Condition (3.21) necessarily implies v,(w)l > a,(w)f , where akﬂ denotes
the variance of Re(tpu; — q,(C j)). Furthermore, observe that given condition (3.21) is
satisfied, it is also always satisfied with v,(g?l a,(fj)l [This is obvious if oktjf =0, and
otherwise follows by replacing M ,i ) with M} h ﬂvk i1 ) / ak J1 , observing that vk i )/ 0,312 >1
as noted before.] Similar comments apply to condition (3.22). 0

Remark 3.6. If the random variables u, are bounded, i.e.,
| Re(mruy —ai))| < Ciy and [ Im(wruy — ai))| < Oy,

holds with probability 1 for all 1 <t<n,1<k,,j<D,then (3.21) and (3.22) hold
with M) = Ci /3, MY, = C),/3, and

01(93)1 =E [(Re(u_tkut] Q;E;]))) and %2 E | (Im(Tgu — q,(;;-)))2 . (3.23)
This follows exactly as in Remark 3.1. U
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In order to present the generalization of Theorem 3.1 we introduce

n n

b N N0
kjln -— Uk‘jl’ UkaTL = Uk‘]Q

t=1 t=1

and
Mijin = rnaX{Ml,g.)1 1<t <n}, Mo, = max{Ml,g.)2 11 <t<n}.

Furthermore, set v,, = max{vyjin, Vgjon : 1 < k,j < D} and M,, = max{Mjy;1n, Myjon :
1 < k,j7 < D}. Note that v, and M, depend on the distribution of the random

matrix U and hence may depend on D. The expression on the right-hand side of

(3.24) below is the direct generalization of (3.6) to the non-identically distributed

case, whereas the bound 1 — V¥ given in (3.27) below is an improvement (even in the

case of i.i.d. rows).

Theorem 3.6. Assume that the rows uy.,...,u, of U are independent random
vectors in CP whose entries satisfy the moment bounds (3.21) and (3.22). Then,
for every € > 0, the operator norm satisfies

Hn_lU*U — Qn” <e

with probability at least 1 — U where U is defined in (3.27) below. Furthermore,

ne?
1—U>1-—4D%exp [ — . 3.24
- P < D2 (4n—11jn + 2\/§D—1Mn€) ) ( )

In particular, with probability not less than 1—W¥, the extremal eigenvalues of n 1U*U
satisfy

)\min(Qn) —e< /\min<n_1U*U> S )\max(n_lU*U) < Amax(Qn) + €. (325)

Consequently the condition number of U*U is bounded by % with probability

not less than 1 — U, provided that @Q,, defined in (3.20) is non-singular and € €
(07 Amin(Qn))'

Proof: Exactly as in the proof of Theorem 3.1 we arrive at

||n’1U*U—QnH > ¢) (3.26)
< Z P ( ZRG U,tkutj qk:j) = ) + Z P ( Z]:m utkutj - ql(gj))
k,j=1

k,j=1
Again using inequality (3.5) for each k, j gives

|

fD)'

iRe(u_u — g > | <2exp | - =
- tkUty — Qg )| 2 \/QD — p D2 (4n—1vkj1n—}—2\/§D_lejln€)
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and similarly for the imaginary part. Hence, we finally obtain P (||[n=1U*U — Q|| > ¢) <
U where

ne?

v = 2 3.27
Z Z eXp( D? (4nogjim + 22D Mk]ma)) (3:27)

i=1 k,j=1

ne?
< 4D%exp | — .
- P < D? (471*11}” + 2\/§D1Mn€)>

Remark 3.7. A sufficient condition for (), to be non-singular is that at least one
of the matrices Q) has this property. The argument in Remark 3.2 shows that
the latter is the case if the distribution of u, is not concentrated on a (D — 1)-
dimensional linear subspace of C”. However, note the possibility that nevertheless
Amin(@r) — 0 as n — oo. O

Remark 3.8. (i) In case the (k, j)-element of n=*U*U — @, is zero with probability
1, the corresponding terms on the right-hand side of (3.26) are zero and do not
contribute to the bound in (3.26). Due to the independence assumption, the (&, j)-

element is zero if and only if Tu,; — q,(c? = 0 with probability 1 for every ¢. Hence,

we may set v,(c?l = ,(:])2 M,g)l = M, ,5?2 = 0 which shows that the corresponding

terms in the bound ¥ are also automatically zero. However, in this case the bound
(3.26) and the subsequent bounds can be improved in that in the (k, j)-th term in
both sums on the right-hand side of (3.26) the constant D can be replaced by Dy,
where D;, denotes the number of non-zero elements in the k-th row of n'U*U — Q,,.

(ii) A similar remark applies in the case that some or all elements of n 'U*U —Q,,
are real (or imaginary). Cf. Remark 3.3.

4 Random Sampling of Trigonometric Polynomi-
als Revisited

We now return to the special case of sampling trigonometric polynomials on uni-
formly distributed random points and show how the results in the previous sections
can be improved. The analysis is based on techniques developed in [10] for the re-
covery of sparse trigonometric polynomials from random samples by basis pursuit
(¢1-minimization) and orthogonal matching pursuit. Some of the ideas are inspired
by the pioneering work of Candés, Romberg and Tao in [3].

Theorem 4.1. Let T' C Z% of size |I'| = D and let x4, ...,x, be i.i.d. random
variables that are uniformly distributed on [0,1]%. Let U be the associated random
Fourier matriz given by (2.1). Choose 0 <e<1,0<a <e&?, andd > 0. If

5512 [»(3)] » () 1)
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then, with probability at least 1 — &, we have
ln U —1|| <

and hence
1 —& < Amin(n'U*U) < Apax(nPUFU) < 1+ €.

Consequently, the condition number of U*U is bounded by i%i

1—9.

with probability >

For instance, the choice a = 2 /e gives

7@3%¥{m(%)+2_m@_14 (4.2)

as a simple sufficient condition.

Compared (4.2) with (3.15) or (3.16), we have gained on the exponent in D;
compared with Theorem 2.2 and (2.6), the constants are now independent of the
dimension d of the state space (= the number of variables); compared with (3.18),
the term In(6~") only enters linearly in (4.1) and (4.2) instead of quadratically and
there is now no restriction on I'. Moreover, the constants are explicit and small.

4.1 Proof of Theorem 4.1

We introduce the polynomials

lm/2]
Fu(z) = > Sy(m,k)z*,  meN, (4.3)
k=1

where S(m, k) are the associated Stirling numbers of the second kind. These are
connected to the combinatorics of certain set partitions, and they can be computed
by means of their exponential generating function, see [12, formula (27), p.77] or
Sloane’s A008299 in [14],

Z Fm(z)% = exp (2(e" —z — 1)). (4.4)

m=1

Further, we define
Gm(z) == 27" F(2). (4.5)

Using the G,,’s, we first establish a more general result from which Theorem 4.1
will follow.

Theorem 4.2. Let I' C Z¢ of size |[I'| = D and let z4,...,z, be i.i.d. random
variables that are uniformly distributed on [0,1]%. Let U be the associated random
Fourier matriz given by (2.1), and let € > 0. Then, for every m € N, we have

[n~U U~ 1| <,

16



and hence
1< Amin(n'U*U) < Apax(n7PU*U) < 1 +¢,
with probability at least
1 — e 2" DGyn(n/D).

Proof: Again, the estimates for the eigenvalues follow from the inequality ||[n~1U*U—
I|| < e. Furthermore, since n~'U*U — I is self-adjoint, we have for every m € N

I U = 1)| = (7' TTU = 1"V < (07 UTU = D7
where || - || denotes the Frobenius norm, ||Al|r = /Tr(AA*). Consequently,
P(|n'U"U —1I|| 2 ) <P(|(n"U'U = )"[[p 2 ™).
We now apply Markov’s inequality and obtain that
B(| (00U = D)l 2 ") < 2B [[[(n U0 — 1y"3]

The latter expectation was studied in [10, Section 3.3], see also Lemma 3.3 in [10]:
It was shown that

E[|(n"U*U = "] < DGauln/D), (46)

which concludes the proof. [ |

We now show how Theorem 4.1 follows from Theorem 4.2. This is done by
estimating GG,,, and by a diligent choice of the free parameter m.

We set the oversampling rate to be § = n/D. In [10, Section 3.5] it was shown
that
ml— (Bm/0)"

1—(3m/0)
For given 0 < a < 1 and 6, we choose m = m(f) € N such that (3m(6)/0) < a < 1.
Note that this is possible since |an/3D] > 1 follows from the assumptions of the
theorem. In the following we will take the value

m(f) = [ab/3],

Gam (0) < (3m/0)

and obtain that
m(0)

Gam(e) (0) < (4.7)

l—a
In view of Theorem 4.2 we want to achieve e 2"D Gy,,(0) < 6. By (4.7) this
inequality is satisfied if

which is equivalent to

52

In (E) m(f) > In (ﬁ)

Since o < €2 by assumption, Theorem 4.1 follows.
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